Finding exact analytical soliton profile solutions is only possible for certain types of non-linear media. In most cases one must resort to numerical techniques to find the soliton profile. In this work we present numerical calculations of spatial soliton profiles in nematic liquid crystals. The nonlinearity is governed by the optical-field-induced liquid crystal director reorientation, which is described by a system of coupled nonlinear partial differential equations. The soliton profile is found using an iterative scheme whereby the induced waveguide and mode profiles are calculated alternatively until convergence is achieved. In this way it is also possible to find higher order solitons. The results in this work can be used to accurately design all-optical interconnections with soliton beams. 
Introduction
Spatial optical solitons of the bright (dark) type occur in a self-(de)focusing medium when the nonlinear self-focusing exactly balances the natural diffraction of the beam [1] . Another point of view is that the optical beam creates a self-induced waveguide. In order to be a soliton, the beam profile must be equal to the mode of its induced waveguide [2, 3] . For certain types of nonlinearity, in which the optical field and the refractive index are straightforwardly related, it is possible to find analytical solutions. For example, an analytical solution is presented in [4] for a threshold type nonlinearity. When the nonlinearity is more complicated, one must resort to numerical techniques to find the soliton solution. Calculations of soliton mode profiles in nonlocal nonlinear media have been presented in a number of publications, such as [5] [6] [7] .
Liquid crystals (LCs) prove to be an ideal testbed for nonlinear optical phenomena. Molecules in a nematic liquid crystal have no positional order but do posses an orientational degree of order. This leads to an anisotropy in the macroscopic properties of the material. In the continuum theory, the material properties (optical and electrical) are determined by the average orientation of the molecules, denoted as the directorn. The material exhibits a number of optical nonlinear effects [8] of which the optical induced director orientation has been investigated extensively over the last decade. Due to the dielectric anisotropy at low frequencies ∆ε s = ε − ε ⊥ the biasing electric field causes a torque which tends to align the director along the electric field lines (for positive dielectric anisotropy). In a similar way an optical electric field will also cause a torque which is proportional to ∆ε = n 2 − n 2 ⊥ , with ∆n = n − n ⊥ being the birefringence. Due to the reorientation of the director, a light beam will normally experience an increase in refractive index with increasing intensity. This results in a self-focusing mechanism for optical beams which can be used to generate spatial optical solitons in a number of configurations, either with [9, 10] or without [11, 12] bias voltage. Often these spatial solitons in nematic liquid crystals are referred to as nematicons. Both experiments [10, 13] and theoretical calculations [14, 15] have demonstrated that the nonlinearity is highly nonlocal and the nonlocality depends on the thickness of the liquid crystal layer. Snyder and Mitchell have demonstrated [16] that spatial solitons in highly nonlocal media with a parabolic nonlinear response have a Gaussian profile. These solitons are highly stable which means that a deviation from the exact soliton profile or optical power will not lead to loss of confinement, but merely results in breathing of the beam. This is why they are called accessible solitons in [16] . Liquid crystal orientational nonlinearity is highly nonlocal, but does not exhibit a perfect parabolic response. Therefore it is sufficient to launch a Gaussian beam into the cell to generate a soliton experimentally. However, it is only possible to observe breathing solitons as demonstrated by Conti in [17] and recently by Striníc et al. in [18] , since this Gaussian profile does not match the soliton profile exactly. Breathing means that the width of the beam varies in a periodic way along the propagation direction. In literature, many articles can be found in which soliton profiles are calculated based on (semi-)analytical models [19] [20] [21] [22] . The calculation of the nonlinear response of the liquid crystal is governed by a number of partial differential equations and previously mentioned articles all start from a simplified model, which in our opinion cannot describe accurately the whole reorientation dynamics. Moreover also the effect of the longitudinal anisotropy component is neglected, which leads to walk-off of the beam [23] . In [24] the effect of walk-off is taken into account in the accurate description of the reorientational nonlinearity and soliton profiles.
In this work we will use an iterative numerical technique to find the exact soliton profiles in nematic liquid crystals. Section 2 describes the liquid crystal model and mode calculation model. Section 3 then describes some calculation examples of the liquid crystal behavior, while Section 4 shows some mode calculation examples. Section 5 then deals with the calculation of the exact soliton profiles for both zero and higher order soliton modes.
Numerical simulation methods

Liquid crystal simulation
One part of the simulation program consists of a finite element program to model the behavior of the liquid crystal. The model is able to simulate variations in order parameter and instead of working with a vector that describes the orientation of the director with fixed order parameter, the model works with the Q tensor. This tensor contains information on both the orientation and the order parameter at a certain position in the liquid crystal. The simulation model is based on the minimization of the Landau-de-Gennes free energy functional [25] , defined as
Here, f D is the distortion free-energy density which is of the form
With the definition of the Q tensor that we used, the L coefficients are related to the elastic constants as
The bulk free-energy density is expanded in a power series near the transition temperature and contains the thermotropic constants A, B and C:
The electrostatic energy density takes the form
The optical electric energy density is of the same form, but it is important to take into consideration the complex nature of the optical electric field as the simulations are in the steady state regime (frequency domain).
This term accounts for the influence of the optical fields, which is responsible for the optical nonlinearity. The Q tensor model [26] allows for the simulation of order variations of the liquid crystal. For a uniaxial material the relation between the Q tensor and the directorn may be defined as Q = S(3n ⊗n − I)/2, with S the local order parameter. Approximately, the dielectric and optical tensor can be described by the following equation:
in which S 0 is the equilibrium order parameter. Our description of the LC behavior is based on a very general model, because it incorporates the whole reorienation and order parameter calculation and is applicable to a wide range of configurations due to the versatility of the finite element implementation. One source of errors is the fact that the bulk energy density is truncated to include at most fourth order terms. Otherwise the accuracy of the modeling is only limited to the number of elements in the mesh.
Previous publications on solitons in LCs have assumed the order parameter constant [9, 14, [18] [19] [20] [21] [22] . Such an assumption is valid for uniaxial arrangements of molecules only, which may be adequately represented by a director field. However it is known that the order parameter of the liquid crystal can change drastically when rapid variations in orientation occur, when strong electric fields are present [27] or under the influence of surfaces [25, 28] . Therefore it is interesting to investigate to which extent a strong optical field (as in the case of spatial solitons) influences the order parameter.
Finite element anisotropic mode solver
In order to calculate the optical modes of the induced waveguide, a full-vectorial finite element mode solver has been used which can handle the full anisotropy of the dielectric tensor [29] . The mode solver is based on the solution of the variational form of the curl-curl equations of the electric field 
It has been initially developed for the analysis of optical waveguides, either in liquid crystal or with a liquid crystal cladding. The finite element mesh is different for the LC calculation and the mode calculation to allow for better tuning of the density of the mesh and to minimize the calculation time. The number of elements in the mode calculation mesh is more than 2000, which leads to an error on the effective index smaller than 10 −5 as was shown in [29] . Figure 1 describes the first configuration that is investigated in this work. The LC simulation window is 150 µm × 50 µm and the optical beam is launched along the z axis in the middle of the simulation window. The beam is a circular Gaussian beam with a waist of 3 µm. At the top and bottom of the simulation window the liquid crystal orientation is fixed at a pretilt angle of 2 • (θ = 2 • , ϕ = 90 • ). A voltage of 1 V is applied across the layer so the dominant electric field component lies along x. The parameters of the liquid crystal E7 are used in accord with our previous publications [14] . Figure 2 shows the x and y component of the director, n x and n y respectively. It is clear that the component along y is two orders of magnitude smaller than the x component. This means that the elements ε xy and ε yz in the optical tensorε are almost zero and the element ε yy exhibits only very small variations. Therefore the induced waveguide will not support any modes which are y polarized. The mode calculations that follow demonstrate that the x polarized modes have only a small y component.
Liquid crystal behavior
Configuration with bias voltage
The variation of the order parameter is not shown here, but calculations have revealed that the variations in order parameter are small for the optical power densities used in these simulations. The Q tensor method that is used for the simulations can only predict order variations accurately for temperatures close to the supercooling temperature. For a temperature of 2 • C below the transition temperature a maximum change in order parameter of 3 · 10 −6 was found for an optical power of 5 mW. Increasing the optical power up to 50 mW leads to a maximum change of 5 · 10 −5 . The change in the permittivity tensor can roughly be described by δ ε ≈ ∆ε ∆S S 0 which leads us to a maximum variation of 3 · 10 −5 for 50 mW optical power. These variations are 3 orders of magnitude smaller than the variations due to the optical director orientation and can thus be neglected in the further calculations. Fig. 2 . Director orientation in terms of the x and y components of the director field (n x and n y ) with an applied voltage of 1 V and a Gaussian input field with an optical power of 3.5 mW.
Twist configuration
The second configuration that is investigated in this work is the twisted nematic configuration, similar to the configuration used in [30] . The simulation window is now 25 µm by 75 µm and the director is parallel to the glass plates at top and bottom and twists over 180
A Gaussian beam is injected in the middle of the simulation window with a polarization along the y direction and with an optical power of 56 mW. Figure 3 shows the result of the calculation in terms of the y component of the director, together with the resulting refractive index profile. The optical beam creates only very minor distortions in the orientation compared to the zero optical power situation. In fact, the refractive index at the beam center does not increase due to reorientation, it is only at the sides that the refractive index increases. In other words, the width of the higher index region increases. In this case the effect of reorientation on the refractive index is much smaller than in the biased configuration, which also means that variations of order parameter may play a role, at least for temperatures close to the nematic to isotropic transition temperature (which is important for liquid crystals with a low transition temperature such as 5CB).
Mode calculations
Biased configuration
From experimental data [14] and numerical calculations based on beam propagation methods [18] it is known that for an applied voltage of 1.0 V an optical power of roughly 4 mW is required for spatial soliton-like behavior. We have calculated the modes of a waveguide induced by a 3.5 mW x polarized Gaussian beam. Figure 4 shows the electric field components of the fundamental mode solution. The mode is mainly x polarized. The contour plots of the first 8 modes (i.e. the ones with the largest effective index) are shown in Fig. 5 . All the modes are mainly x polarized due to the anisotropy of the induced waveguide. Moreover, due to the ε xz terms the optical field exhibits a variation in phase along the x axis. Due to this phase variation, the beam will enter the cell without walk-off angle. Without this phase variation a beam incident in the cell exhibits a transverse shift. Therefore, it propagates at an angle through the cell until it reaches a certain height and is bent back into the bulk by the gradient in refractive index profile. This results in a sinusoidal-like undulation throughout the cell [23, 31] . By launching the beam under a certain angle -or equivalently by introducing a phase variation along the x directionundulations can be avoided.
Another interesting observation is that the induced waveguide is highly multimode. Only 8 modes are shown, but our simulations reveal that the number of guided modes is larger than 100. The fact that the induced waveguide is highly multimode was shown by a number of experimental results in the past. In 2001 it was shown experimentally by Peccianti et al. [32] that incoherent light can be guided in a self-induced waveguide. Confinement of incoherent light is a sign of a highly multimodal waveguide. Additionally, in [33] it has been demonstrated experimentally that a first order soliton can be generated in a liquid crystal. On the other hand, from the comparison with the harmonic oscillator, it is obvious that the waveguide is multimode [34] . The investigation of higher order solitons in highly nonlocal media has been presented in [35] .
Twist configuration
Mode calculations for the twisted configuration reveal that, in contrast to the biased configuration, only one mode mode is guided (in two dimensions) for powers up to 100 mW. Next to that, the refractive index profile of Fig. 3 also reveals that the nonlinearity is now only slightly nonlocal.
These observations show that properties of nematicons are very different depending on the configuration used, spanning from highly nonlocal highly multimode self-induced waveguides, to single mode waveguides with small nonlocality.
Soliton calculations
Fundamental mode
In order to find the zero order soliton beam profile, the following iterative procedure is followed. First, a Gaussian beam with a waist of 3 µm is used to calculate the director distributions for different optical input powers. Next, the optical modes are calculated for the different director orientations that have been obtained. From these mode calculations only the zero order mode is of interest. The mode profiles for different optical powers are then compared to the initial input profile by calculating the normalized covariance along x and y (denoted as C x and C y ). The mode profile for the optical power that results in the largest covariance value is then used as an input for the second iteration and the procedure is repeated in further iterations. Figure 6 compares the mode profiles for different optical powers with the input profile. It is clear that the shape of the mode profile along x and y is very similar to the input Gaussian profile, which is due to the high nonlocality of the nonlinearity. Although similar, it is not exactly Gaussian because the nonlocality is not perfectly parabolic [16] . The width of the profile decreases for increasing optical input power. The reduction is slightly more pronounced along y than x.
First iteration
The correlation coefficients in Fig. 7 are actually shown as 1/(1 −C x ) and 1/(1 −C y ) as this visualizes better the correlation between the profiles. It is clear that the correlation reaches a maximum value for a certain optical power. However, the ideal optical power is different along x and y direction. The mode is thus not perfectly circular, but slightly elliptical. The ellipticity arises from the fact that the configuration is different along the x and the y direction. Along the x direction the LC is limited by the boundaries, while the configuration is much larger along the y direction (modeled by periodic boundary conditions). In thinner cells, this ellipticity will even be more pronounced as observed in simulation results (not shown in this manuscript). 
Second iteration
For the input field of the second iteration, we chose to take the mode profile for 4.26 mW because this resulted in the best correlation along the y direction in the first iteration (Fig. 7) . With this input profile, the director profile was calculated for different optical powers, together with the resulting mode profiles. The resulting correlation with the input profile is shown in Fig. 8 . Remarkably the maximum correlation now appears at roughly the same power level for both x and y directions. Furthermore, the maximum correlation is strongly increased compared to the first iteration. These results show that two iteration steps are sufficient to find a self-consistent soliton solution. Further iterations increase the correlation but ultimately the correlation is limited by the number of datapoints.
The calculation gives a field profile that is invariant along the propagation direction for a particular value of the optical power. This is however not the only zero order soliton solution that can be found because there is a family of zero order solitons for different incident beamwidths, basically following the relation P ∼ 1/w 4 0 which is valid for accessible solitons [16] . In this equation P is the critical soliton power and w 0 is the beam waist. Our algorithm is suitable for finding these different soliton solutions and this can be achieved by using Gaussian input profiles with different waist. 
First order soliton
The algorithm must be adapted slightly to find higher order soliton solutions. The initial input field is still the same Gaussian profile, but in the further calculation steps, the profile of the n th mode is used as input.
In order to demonstrate that higher order mode solutions can be found with our algorithm, we will search for the soliton solution with two lobes along the y direction, similar to the second mode profile shown in Fig. 5 . The mode profiles along the y direction for the first iteration are shown in Fig. 9 , together with the correlation between these profiles and the input profile. Again the maximum correlation occurs for a different optical power along the x and y direction.
For the second iteration step, the mode profiles along the x and y direction are shown in Fig. 10 , while the correlation with the input profile is shown in Fig. 11 . Similar to the result for the fundamental mode, the correlation factor improves compared to the first iteration and the maximum correlation for x and y occurs at the same optical power. With this in mind we can state that we have found a first order soliton solution. The required optical power is 7 mW, which is higher than the required power for the fundamental soliton solution. 
Conclusions
We have presented calculations of liquid crystal behavior in the presence of strong optical fields with a numerical model that incorporates the full description of orientation and order parameter. With an iterative scheme, we have numerically determined the spatial soliton profiles in a classic nematic liquid crystal soltion geometry for the fundamental and first order mode. The fundamental solution is not purely Gaussian, because a Gaussian input beam always leads to breathing solitons. Our technique is suitable to find all higher order soliton solutions. Moreover, for each soliton solution, a series of solutions can be found with different width. On the other hand, our numerical model is also able to find soliton solutions in other configurations, such as the twisted nematic geometry. The results in this work can be used to design all-optical interconnections with soliton beams in a more accurate way.
